This paper states that as the temperature tends to the degeneracy temperature, there are sufficiently many particles accumulating at the point of Bose condensate and a gap is being formed in the spectrum of the Schrödinger equation corresponding to the Bose gas. In the two-dimensional case, the spectrum is purely discrete and there is no transition to the integral formula, but one can strictly prove that there is no visual gap between the zeroth and first levels compared with the distances between the other distances. The case of finitely many particles of the order of 10 2 is considered in the paper on the basis of heuristic considerations similar to those used by V. A. Fock to derive the Hartree-Fock equation. The semiclassical asymptotics of supercritical states in the classical asymptotics is considered. The author's old results about the λ-point and superfluidity are given. The author's paper written in 1995 is presented in the Appendix.
The indeterminate Lagrange multipliers are expressed in terms of temperature and chemical potential of the gas. Further, in [1] , following Einstein, a passage to the limit is carried out as N → ∞, which enables one to pass from sums to integrals. Then, in the section "Degenerate Bose gas," a point is distinguished which corresponds to the energy equal to zero. This very point is the point of Bose condensate on which excessive particles whose number exceeds some value N d ≫ 1 are accumulated at temperatures below the so-called degeneracy temperature T d . The theoretical discovery of this point anticipated a number of experiments that confirmed this fact not only for liquid helium but also for a series of metals and even for hydrogen.
From a mathematical point of view, distinguishing a point in the integral is an incorrect operation if this point does not form a δ function. In particular, for the two-dimensional case, this incorrectness leads to a "theorem" formulated in various textbooks and claiming that there is no Bose condensate in the two-dimensional case.
In this paper, we get rid of this mathematical incorrectness and show that, both in the two-dimensional and in the one-dimensional case, the Bose condensate exists if the point introduced above is well defined.
If we accept Einstein's remarkable discovery for the three-dimensional case and justify it in a mathematically correct way, then the Bose condensate in the two-dimensional case is equally correct mathematically. We dwell on the two-dimensional case below in particular detail.
Thus, we consider the case in which N ≫ 1, but n is not equal to infinity. In the section "Ideal gas in the case of parastatistics" of the textbook by Kvasnikov [3] , there is a problem (whose number in the book is (33) ) which corresponds to the final parastatistics n j = 1 exp{
In our case, we have k = N d , and the point of condensate is ε 0 = 0. By (1) , it is clear that G j is associated with the D-dimensional Lebesgue measure and, in the limit with respect to the coordinates ∆q j , gives the volume V in the space of dimension 3 and the area Q in the space of dimension 2. The passage with respect to the momenta ∆p j is also valid as N → ∞ and µ > δ > 0, where δ is arbitrarily small. Expanding (2) at the point ε 0 = 0 in the small parameter
where N d stands for the number of particles corresponding to the degeneration and T d for the degeneracy temperature, and writing
we obtain G 0 = 1, see (12) below,
For example, if x → 0, then n 0 = N d /2, and hence the number n 0 in the condensate at T = T d does not exceed N d /2. If x = 1.57, then n 0 ≈ N d /10. Certainly, this affects the degeneracy temperature, because this temperature can be expressed only in terms of the number of particles above the condensate,Ñ d , rather than in terms of the total number of particles N d (which is equal to the sum ofÑ d and of the number of particles in the condensate).
According to the concept of Einstein, at T = T d the condensate contains o(N d ) particles. However, even this accumulation gives a δ function, albeit with a small coefficient,
To reconcile the notion of Bose statistics which is given in [1] with symmetric solutions of the N-particle Schrödinger equation, i.e., of the direct sum of N noninteracting Hamiltonians corresponding to the Schrödinger equation, and the symmetric solutions of their spectrum, it is more appropriate to assign to the cells the multiplicities of the spectrum of the Schrödinger equation in the way described in [4] .
Consider the nonrelativistic case in which the Hamiltonian H is equal to
where p stands for the momentum. The comparison of G i with the multiplicities of the spectrum of the Schrödinger equation gives a correspondence between the eigenfunctions of the N-partial Schrödinger equation that are symmetric with respect to the permutations of particles and the combinatorial calculations of the Bose statistics that are presented in [1] .
A single-particle ψ-function satisfies the free Schrodinger equation with the Dirichlet conditions on the vessel walls. According to the classical Courant formula,
where D stands for the dimension of the space, because the spectral density has the asymptotic behavior
The asymptotics (4) is a natural generalization of this formula. Using this very correspondence, we establish a relationship between the Bose-Einstein combinatorics [1] , the definition of the N-particle Schrödinger equation, and the multiplicity of the spectrum of the single-particle Schrödinger equation.
The spectrum of the single-particle Schrödinger equation, provided that the interaction potential is not taken into account, coincides, up to a factor, with the spectrum of the Laplace operator. Consider its spectrum for the closed interval, for the square, and for the D-dimensional cube with zero boundary conditions. This spectrum obviously consists of the sum of one-dimensional spectra.
On the line we mark the points i = 0, 1, 2, . . . and on the coordinate axes x, y of the plane we mark the points with x = i = 0, 1, 2, . . . and y = j = 0, 1, 2, . . . . To this set of points (i, j) we assign the points on the line that are positive integers, l = 1, 2, . . . .
To every point we assign a pair of points, i and j, by the rule i + j = l. The number of these points is n l = l + 1. This is the two-dimensional case.
Consider the 3-dimensional case. On the axis z we set k = 0, 1, 2, . . . , i.e., let
In this case, the number of points n l is equal to
It can readily be seen, for the D-dimensional case, that the sequence of multiplicities for the number of variants
where m k are arbitrary positive integers, is of the form
The following problem in number theory corresponds to the three-dimensional case
Write M = E d /ε 1 , where ε 1 stands for the coefficient in formula (4) for j = 1. Let us find E d ,
where dε = |p| 2 2m dp 1 . . . dp
Whence we obtain the coefficient α in the formula,
where γ = D/2 − 1.
To begin the summation in (7) at the zero index (beginning with the zero energy), it is necessary to rewrite the sums (7) in the form
The relationship between the degeneracy temperature and the numberÑ d of particles above the condensate for µ > δ > 0 (where δ is arbitrarily small) can be found for D > 2 in the standard way.
Thus, we have established a relationship between G i in formula (1) (which is combinatorially statistical) and the multiplicity of the spectrum for the single-particle Schrödinger equation, i.e., between the statistical [1] and quantum-mechanical definitions of Bose particles.
For D = 2, the general problem reduces to a number theory problem. Consider the two-dimensional case in more detail. There is an Erdős' theorem for a system of two Diophantine equations,
The maximum number of solutions of this system is achieved if the following relation is satisfied:
and if the coefficient a is defined by the formula
The decomposition of M d into one summand gives only one version. The decomposition M d into M d summands also provides only one version (namely, the sum of ones). Therefore, somewhere in the interval must be at least one maximum of the variants. Erdős had evaluated it (14) (see [7] ).
If the number N increases and M is preserved in the problem (13), then the number of solutions decreases. If the sums (13) are counted from zero rather than from one, i.e., if we set
then the number of solutions does not decrease and remains constant. I'll try to explain this effect. The Erdős-Lehner problem [5] is to decompose M d into N ≤ N d summands. Let us expand the number 5 into two summands. We obtain 3 + 2 = 4 + 1. The total number is 2 versions (this problem is known as "partitio numerorum"). If we include 0 to the possible summands, we obtain three versions: 5 + 0 = 3 + 2 = 4 + 1. Thus, the inclusion of zero makes it possible to say that we expand a number into k ≤ n (positive integer) summands. Indeed, the expansion of the number 5 into three summands includes all the previous versions, namely, 5 + 0 + 0, 3 + 2 + 0, and 4 + 1 + 0, and adds new versions, which do not include zero.
In this case, the maximum number of versions for the decomposition of the number 5 into N summands (there are two versions) is achieved at N = 2 and N = 3 (the two values for the maximum number of versions for N above the condensate).
In this case, the maximum does not change drastically [5] ; however, the number of versions is not changed, namely, the zeros, i.e., the Bose condensate, make it possible that the maximum remains constant, and the entropy never decreases; after reaching the maximum, it becomes constant. This remarkable property of the entropy enables us to construct an unrestricted probability theory in the general case [8] .
Let us write the thermodynamic potential of the system of noninteracting particles in discrete form [1] 
where T is the temperature, i is the energy in the ith state in the oscillatory "representation," µ is the chemical potential, g i is the statistical weight of the ith state, h is the Planck constant, ω is the oscillation frequency, and Λ is the dimensionless quantity depending on the particle mass [31] .
Let
For Bose systems, it is usual to assume that N i can take any integer values 0, 1, 2, . . . up to infinity. Next, the infinite geometric sequence is summed, etc. The sum over n in formula (17) is taken up to N, which is the total number of particles in the system. Let us construct a thermodynamics of the type of an ideal Bose gas with a bounded number of states at a given quantum level. The left-hand equality in the formula
implies that N i ≤ N; hence this condition is not an additional constraint. Summing the finite geometric sequence, we obtain
The potential Ω is equal to the sum of the Ω i over i:
The number of particles is N = −∂Ω/∂µ. Hence we obtain
The volume V was only needed for the purpose of normalization in the passage from the number N of particles to their density. For γ > 0, the volume V does not affect the asymptotics as N → ∞, because the term containing the quantity N +1 on the right-hand side is small.
But even, for γ = 0, in view of Example 1 from [31] , a term of the form ln N arises; this term must be taken into account, because, in the two-dimensional case, ln N ≈ 15.
In the example referred to above, we have D = 2, γ = 0, but there is no area S. This feature is confusing for specialists in thermodynamics. Indeed, on the one hand, N/S → const, but, on the other hand, it follows from the same example that ln M c ∼ 2 ln N c and, therefore, the limit of N/S as N c → ∞, S → ∞ tends to infinity. This ultimately leads to the erroneous conclusion that, in the two-dimensional case, the Bose condensate exists only at T = 0. In fact, it exists at
(see below). In a two-dimensional trap, the number N is significantly smaller, but, even for N = 100, ln N = 2, we can apply asymptotic formulas given below.
On the other hand, using relations between the thermodynamic parameters, we can decrease the number of independent variables from three to two.
Taking the parameter γ into account, we use the Euler-Maclaurin formula, obtaining
where α = γ + 1, k = N + 1, b = 1/T , and κ = −µ/T . Here the remainder R satisfies the estimate
Calculating the derivative, we obtain
We also have e z (e z − 1) 2 = 1 z 2 + ψ(z), where ψ(z) is a smooth function and
Setting z = y and z = ky, we obtain the estimate
where C is a constant. For example, if κ ∼ (ln k) −1/4 , then |R| preserves the estimate |R| ∼ O(b −α ). The energy is denoted by M, because, without multiplication by the volume V , we deal with a rather unusual thermodynamics, which is, really, an analog of number theory (see Example 1 from [31] ).
In evaluating M, we can neglect the correction in (19) , and hence we obtain
where α = γ + 1, b = 1/T r . Therefore,
We have (see [33] )
Setting k = N|μ /T =0 ≫ 1, we finally obtain
The two-dimensional Bose condensate. It can be proved that κ → 0 gives the number N with satisfactory accuracy. Hence
Consider the value of the integral (with the same integrand) taken from ε to ∞ and then pass to the limit as ε → 0. After making the change bx = ξ in the first term and bN c x = ξ in the second term, we obtain
On the other hand, making the change bx = ξ in (24), we find that
This yields
Now let us find the next term of the asymptotics by setting
Passing to dimensionless quantities, we obtain
where T d is the degeneration temperature. Since physicists assume that N = ∞, they infer that there is no Bose condensate for noninteracting particles in the two-dimensional case. At the same time, since it was assumed that the superfluidity of a weakly nonideal Bose gas is related to the Bose condensate of an ideal Bose gas, physicists infer that a sort of quasi-Bose-condensate arises. Therefore, one can say that in the one-dimensional and two-dimensional cases, not the quasi-condensate but the real condensate arises at a nonzero temperature (see [48] ).
The one-dimensional Bose condensate. In the one-dimensional case, an experiment for filament vortices shows [34] , [35] that superfluidity arises along vortex filaments, and hence it is natural to assume that, in the one-dimensional case, the Bose condensate phenomenon also occurs. This is a consequence of our exposition. Namely, we obtain
where l is the vortex length, a is its thickness, and m is the mass of impurity dust. Let us present heuristic considerations concerning the passage through the point T d which were presented by the author in [14] . The author proved and used the Bose statistics in the case of a fractional number of degrees of freedom for classical thermodynamics, where to a value of T d there corresponds the critical temperature. The author has shown that these values coincide. For an example describing the creation of a dimer, it is shown that, for T = T c , one degree of freedom becomes " frozen", and we obtain two degrees of freedom rather than three. For a dimer with T > T c , if the oscillational degrees of freedom are taken into account, then the number of degrees of freedom becomes equal to 6. Two degrees of freedom are obtained under the assumption that the oscillational degrees of freedom of the dimer are also "frozen" at T = T c . If we suppose this heuristic supposition for the quantum case, then, for T < T d , both dimers with two degrees of freedom and dimers with six degrees of freedom are created. This corresponds to the two-liquid Thiess-Landau model. In this case, the dimers with two degrees of freedom give the λ-point and the dimers with six degrees of freedom give superfluidity. Indeed, in the two-dimensional case we have
and we obtain a logarithmic divergence at the point ξ = 0 for µ → 0.
Thus, if we consider an N-particle Schrödinger equation whose eigenfunctions are symmetric under the permutations of the particles, then the parastatistic correction leads to the fact that N/2 particles are in the condensate for
all the extra particles pass into the condensate state, which determines the dependence of the temperature T on N, and hence the dependence of N on the temperature for T < T d as well.
The case in which N is not so large as it is in statistical physics, i.e., the so-called mesoscopic state (see [14] ), can also be of interest for us. In this case, let us use Fock's idea for the Hartree equations, which lead to the Hartree-Fock equations.
Namely, we consider the single-particle equation of the mean field (a self-consistent field) and apply (to the resulting "dressed" potential) the procedure of transition to the Npartial Schrödinger equation with a dressed potential, just as we proceeded above for the operator
∆. Here we can consider two ways of investigation. The first way is the way used by Fock and which leads in the semiclassical limit to the Thomas-Fermi equations for the dressed potential. Another way is to consider the Hartree temperature equations (see [15] ) and to obtain the Thomas-Fermi temperature equations in the classical limit.
Since the quantity T d is small, it is easier to use the first way and to find the "dressed" potential.
Let V (q − q ′ ) be a pairwise interaction potential such that |V (r)| dr < ∞. The dressed potential W (q) is given by the formula
where U(q) stands for the external potential and ψ(q ′ ) for an eigenfunction of the Schrödinger equation which depends on the "dressed" potential and is thus an equation with a "unitary" nonlinearity. The expansion of the equation in powers of h can be found by the method of complex germ up to O(h k ), where k is an an arbitrarily large number 1 (see [23] , where system (63) defines a complex germ; see also [24] [25] [26] [27] [28] [29] [30] ). The superfluidity in nanotubes was confirmed experimentally.
Remark 1. Semiclassical transition. The difference between the quantum Bose-Einstein distribution and the Bose-Einstein distribution for classical identical particles. a) As was already explained in the papers on mathematical errors in statistical physics [49] , [50] , the degeneration temperature in the quantum case corresponds to the critical temperature of classical gases.
b) In the quantum case, the three-dimensional, the two-dimensional, and, possibly, the one-dimensional situation is considered. This means that the dimensional in momenta and in coordinates is the same.
These dimensions arise because, in the quantum case, the problem relates to the Schrödinger equation in the three-dimensional, two-dimensional, or one-dimensional situations. The dimension of coordinates and momenta also coincide in the momentacoordinate phase space, where the dimensions considered are six, four, and two.
To the asymptotics of eigenvalues corresponds the Weyl formula for the phase volume, and, in the mathematical literature, to the Courant formula for the Laplace equation.
In the case of a classical gas we always consider the three-dimensional volume. Note that our problem is in no way connected to elliptic equations of the Laplace type. For this reason the dimension of the Bose-Einstein distribution in momenta is not related to the three-dimensional volume, i.e., to the three-dimensional values of the coordinates.
It is clear that the dimension is equal to the number of degrees of freedom. To see this, it suffices to pass in the Bose-Einstein distribution as the chemical potential tends to minus infinity to the Boltzmann distribution and calculate the degree of the Poisson adiabat. It turns out that, indeed, the dimension coincides with the number of degrees of freedom [51] .
The equation for ideal gas P V = NT depend neither on the dimension, nor on the number of degrees of freedom. Perhaps it is for this reason that the fact about the Poisson adibata was unnoticed, although Landau's book [1, 187] does mention that for the three-dimensional quantum Bose-Einstein distribution, as well as for the Fermi-Dirac equation, the equality
coincides with the equation for the Poisson adiabat for ordinary monoatomic gas. In view of the condition, indicated in Landau's book [1] ,
we have the equality [1] .
which implies that for the Boltzmann distribution and for the old ideal gas the dimension in momenta coincides with the degree of the Poisson adiabat, i.e., the number of degrees of freedom of a monoatomic gas equals 3. This is natural, since the denominator in the Fermi-Dirac distribution doffers from that in the Bose-Einstein distribution by the sign at 1. Whers the same formulas correspond to the Boltzmann distribution, but without that 1.
As was indicated in our previous papers, this fact holds for any number of degrees of freedom. In other words, the number of degrees of freedom coincides with the dimension in momenta for the distributions of Bose-Einstein, Fermi-Dirac, and Boltzmann. This important remark does not appear in the old textbooks on thermodynamics in which the old ideal gas is studied.
Let D be the number of degrees of freedom in the understanding of the old textbooks on thermodynamics. It is more convenient to introduce the parameter γ according to the formula
Then the Poisson adiabat (31) in the general case will have the form
If we consider the Howgen-Watson diagram for nitrogen [52, 52] in the Z, P plane, where Z = P V /NT is the compressibility factor, P is the pressure, one can see that a whole pencil of isotherms issue from the point Z = 1, P = 0. Since, for Z = 1, we are dealing with an ideal Boltzmann-Maxwell gas, the slope of the isotherms at the point of issue determines the parameter γ, which is naturally related to the number of degrees of freedom. Thus we see directly on the Howgen-Watson diagram that the number of degrees of freedom depends on the temperature and is in no way an integer.
I am stressing this fact, which theoretical physicists (e.g. L.Keldysh, Yu.Kogan) know quite well, because in old textbooks only integer numbers of degrees of freedom are considered.
Let me point out once again that the dependence between the number of degrees of freedom and the Poisson adiabat, in the case when number of degrees of freedom is fractional, is defined for any Boltzmann-Maxwell gas.
In his Nobel prize lecture, Van-der-Waals pointed out that he did not take into account the association of molecules. Using modern language, we can say that he did not take into account the formation of dimers, monomers and clusters. We have already mentioned above that the formation of dimers, monomers and clusters is relevant, in view of the presence of the Bose condensate in classical physics. Let us only note that the formation of dimers naturally changes the number of degrees of freedom.
In the formation of dimers, the number of degrees of freedom can increase up to 5, of trimers and clusters, up to 6 and more at room temperature. Here the number of degrees of freedom is equal to the dimension of the distribution of Bose-Einstein type for classical particles.
